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Abstract For any positive integer n, we define the arithmetical function F(n) as F(1) = 0. 
If n > 1 and n = pj? p5? --- ph" be the prime power factorization of n, then F(n) = oipi + 
a2p2 +--+ axpx. Let S(n) be the Smarandache function. The main purpose of this paper 
is using the elementary method and the prime distribution theory to study the mean value 
properties of (F(n) — S(n))?, and give a sharper asymptotic formula for it. 
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91. Introduction and result 


Let f(n) be an arithmetical function, we call f (n) as an additive function, if for any positive 
integers m, n with (m, n) = 1, we have f(mn) = f(m) + f(n). We call f(n) as a complete 
additive function, if for any positive integers r and s, f(rs) = f(r) + f(s). In elementary 
number theory, there are many arithmetical functions satisfying the additive properties. For 
example, if n = p?" p5? --- pz^ denotes the prime power factorization of n, then function Q(n) = 
Q1 +ag+-+-+ oy and logarithmic function f(n) = lnn are two complete additive functions, 
w(n) = k is an additive function, but not a complete additive function. About the properties 
of the additive functions, one can find them in references [1], [2] and [5]. 

In this paper, we define a new additive function F(n) as follows: F(1) = 0; If n > 1 and n = 
pips --- pp” denotes the prime power factorization of n, then F(n) = o1p1 +a2p2 4-: -+ opi. 
It is clear that this function is a complete additive function. In fact if m = pi'p$?--- pp" 
and n = pfp.. pP then we have mn = p *P1pg? tP» vespere, Therefore, F(mn) = 
(a1 + B1)p1 + (aa + B3)pa +--+ + (o + B)py = F(m) + F(n). So F(n) is a complete additive 
function. Now we let S(n) be the Smarandache function. That is, S(n) denotes the smallest 
positive integer m such that n divide m!, or S(n) = min(m : n | m!). About the properties 
of S(n), many authors had studied it, and obtained a series results, see references [7], [8] and 
[9]. The main purpose of this paper is using the elementary method and the prime distribution 
theory to study the mean value properties of (F(n) — S(n))?, and give a sharper asymptotic 
formula for it. That is, we shall prove the following: 


Theorem. Let N be any fixed positive integer. Then for any real number x > 1, we 
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have the asymptotic formula 
2 


> (F(n) Yeu niz +O (i =) , 
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where c; (i = 1, 2, --- , N) are computable constants, and c1 = "E 


92. Proof of the theorem 


In this section, we use the elementary method and the prime distribution theory to complete 
the proof of the theorem. We using the idea in reference [4]. First we define four sets A, B, 
C, D as follows: A = (n, n € N, n has only one prime divisor p such that p | n and p? { m, 
p n3); B = (n, n € N, n has only one prime divisor p such that p? | n and p > nē}; 
C — (n, n € N, n has two deferent prime divisors pı and pə such that pipe | n, po > pı > nē}; 
D = {n, n € N, any prime divisor p of n satisfying p < n3), where N denotes the set of all 
positive integers. It is clear that from the definitions of A, B, C and D we have 


Yo GQ-S(m) = J Fin- san) + SF (Fn) - S()* 





ncc ncc n<a 
ncA ncB 
* 3 (F(n) - Sm + M (Fm) - Sy 
n<u ncc 
nec nEeD 
= Wi+ W+ W; + Wa. (1) 


Now we estimate Wi, W2, Ws and W4 in (1) respectively. Note that F(n) is a complete 
additive function, and if n € A with n = pk, then S(n) = S(p) = p, and any prime divisor q of 
k satisfying q < n3, so F(k) < n3lnn. From the Prime Theorem (See Chapter 3, Theorem 2 
of [3]) we know that 
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where c; (i = 1, 2,---, k) are computable constants, and cı = 1. By these we have the 


estimate: 


Wi = J (Fin) -sn = , (F(R) -p 
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If n € B, then n = p?k, and note that S(n) = S(p?) = 2p, we have the estimate 


We = J (Fin) -Sn = Y; (FW) 2p) 





nca p2k<ax 

ncB p»k 
- X X PeX X 

k<a3 k«pz /$ k<a3 k&«pz /£ 

p E (4) 
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If n € D, then F(n) € n? Inn and S(n) € n3 Inn, so we have 


We = Y (F(n) - S(n))? < Y n? nn « z* In? z. (5) 
nír nzc 
nEeD = 


Finally, we estimate main term Ws. Note that n € C, n = pypok, po > pı > n3 > k. If 
k < pı < n3, then in this case, the estimate is exact same as in the estimate of Wi. If 
k < pı < p2 < n3, in this case, the estimate is exact same as in the estimate of W4. So by (2) 
we have 


W = 2- (F(n) - S(n))’ = 5 (F(pıp2k) — pz)? +O (s? In? x) 


n<r pıp2k<x 
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k<a3 k«pX /$ — P2EPi ka k«pi&/£ P1 P2 yk 
Note that ¢(2) = = from the Abel’s identity (See Theorem 4.2 of [6]) and (2) we have 
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where d; (i = 1, 2, --- , N) are computable constants, and dı = = 
P r$ 
k k : 8 
EX X me Di Sac D gate. (8 
k<a3 k«pik /$ n «PE ik k<s3 mz/E k<a3 
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2. by kln din ig < 2 k21n NT. < nyt? z` ( ) 
k<a3 k«pi E yE k<a3 
From the Abel’s identity and (2) we also have the estimate 
2 x O 1 zpi 
m. m dig amp c ae 
k<a3 ird pa keg3  khemz/R P 
z2 
- Yh rs o (m): (10) 
where b; (i — 1, 2, --- , N) are computable constants, and bı = T 


Now combining (1), (3), (4), (5), (6), (7), (8)and(9) we may immediately deduce the 
asymptotic formula: 


2. (F(n) = Soa ng O (ass =) , 


nír 





where a; (i = 1, 2, --- , N) are computable constants, and a; = bı — d = 7. 
This completes the proof of Theorem. 
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